The container shape that minimizes the volume of draining fluid remaining on the walls of the container after it has been emptied from its base is determined. The film of draining fluid is assumed to wet the walls of the container, and is sufficiently thin so that its curvature may be neglected.
Introduction
The draining of liquid from a solid surface is of practical importance (e.g. for withdrawal coating), and has been much studied. The surfaces considered are often plane [1] or cylindrical [2] . The initial stages of draining from containers have also been studied [3, 4, 5] but the time taken to empty a container will be dominated by the slow draining of thin films during the final stages of draining. Here we investigate the influence of container shape upon the final draining process, in order to determine an optimal shape.
Such hydrodynamic optimization problems are frequently encountered by designers of ships and aeroplanes [6] ; examples at low Reynolds numbers are rarer (e.g. [7, 8, 9] ). In particular, we note an investigation of the effect of container shape upon the draining of foams by Saint-Jalmes et al. [10] .
We first study the final stages of draining of an axisymmetric vessel from an opening at its base. The initial value problem for a Newtonian fluid leads to a well-known similarity solution, discussed in Sec. 2. The corresponding, more general class of similarity solutions for power-law fluids is obtained in Sec. 3 , and then is used in Sec. 4 to determine an optimal shape for most rapid draining through a hole at the centre of the base of the vessel. The analogous plane, 2-dimensional problem of a trough draining through a slit along its base is considered in Sec. 5. In Sec. 6 it is shown that the shapes determined in Sec. 4 are also optimal when inverted and drained in the opposite direction, as occurs when a wine glass is washed and then inverted to drain.
A Newtonian fluid in a conical container
We consider a Newtonian fluid of density ρ and viscosity µ. The fluid flows as a thin film of thickness h over the surface of a plate inclined at an angle φ to the horizontal; the acceleration due to gravity is g. We assume that the film is already sufficiently thin that curvature of the vessel wall may be neglected locally. The fluid is assumed to wet the walls of the container, but surface tension effects are otherwise neglected. In particular, we ignore any possibility that a sufficiently thin film breaks into a series of small fluid drops. The volume flux Q (per unit length perpendicular to the direction of flow) of the fluid draining under gravity is therefore
Now consider an axisymmetric vessel, the axis of which is aligned with the z axis of cylindrical coordinates (r, z). The base of the vessel is at (r, z) = (0, 0), and the vessel walls are at r = R(z) (or alternatively, at z = Z(r)), as depicted in Fig. 1 . The local volumetric flux of the draining fluid, Eq. (1) becomes
where α = ρg/(3µ) and R = dR/dz. Volume conservation then gives the change in film thickness with time as
Setting
and
the conservation equation (3) becomes
with h = h 0 (z), H = H 0 (x) at t = 0. Transforming to coordinates (τ, η) such that ξ = η on τ = 0, the solution of Eq. (6) can be found by the method of characteristics:
We now take as a simple example the conical vessel R = cz, with 0 < z < Z 0 . The internal half-angle of the cone is θ = tan
c. In this case, by
The film thickness is assumed to be initially uniform over the wall of the cone, apart from a small region Z 0 − δ < z < Z 0 near the rim, with
where Eqs. (9b) and (9c) have been introduced to ensure that the initial film thickness is defined and continuous for z > 0. We assume that the constant δ Z 0 is small, but do not need to specify it precisely.
We now find the initial film thickness H 0 as a function of η. At t = τ = 0,
we find from Eqs. (7c) and (8)
and we can define η 1 corresponding to z = Z 0 at t = 0 and η 2 corresponding to z = Z 0 + δ. The initial film thickness h = h 0 is independent of z, but the modified thickness H, defined by Eq. (4), is a function of z (or ξ), and at t = 0 can be written as
with H(η 2 ) = 0 and H continuous over
we see that on the characteristic (7) η increases as τ increases. H 0 increases until η = η 1 . H 0 then decreases to zero as η increases from η 1 to η 2 . We have assumed δ Z 0 , so that η 2 − η 1 η 1 during the final stages of draining when η 1 < η < η 2 , and Eq. (7) can then be approximated as
i.e. c
so that
The t
dependence of the film thickness is well-known, though the nonuniform geometry has introduced a novel spatial variation in Eq. (14). This similarity solution breaks down at the origin z = 0, where we have in any case ignored the presence of the opening. However, the contribution of this region to the total volume of fluid in the film, V film , is integrable, and for a vessel of height Z 0 we have
where
At any fixed time t we can make V film as small as we wish by making the container height Z 0 sufficiently small. It is more sensible to consider a fixed vessel size, and we assume that the vessel volume
is held constant. The volume of the film is then
and this is minimum when c = 2
which corresponds to a cone with internal half angle θ = 35
• . The internal surface area of the cone is
and this too is minimized when c = 2
A power-law fluid in a conical container
Note that the final similarity solution, Eq. (14), is independent of the initial condition h 0 (z). Thus the precise nature of the initial conditions is eventually unimportant: any initial non-uniformities are convected away. We shall not investigate the stability of our time-dependent flow: Benjamin [11] showed that a non-vertical film draining under gravity is stable at sufficiently low Reynolds numbers.
The asymptotic solution can be obtained most easily by looking for a
, where g(Z 0 ) = 0 and γ has to be determined as part of the solution. The analysis is now sufficiently simple that it can readily be extended to power-law fluids in which the shear stress τ is related to the shear rate ∂u/∂s by a power law
is the power law index. The local volume flux of draining fluid is
The conservation equation (3) becomes
There is a similarity solution of the form
with q = (2n + 1)
If we restrict our attention to conical containers, with R = cz, then
where s = (3n + 2)/(2n + 1), and the volume of fluid in the film is, by Eq.
(15),
which is minimum when c = tan
As n decreases towards zero, the optimal value of c decreases towards 5
, and the internal half-angle of the cone decreases to θ = 24.1
• . The internal surface area, Eq. (19), of the optimal cone increases, but the steeper slope, and correspondingly higher shear rate, tends to reduce the viscosity of the fluid and enhances draining. As n → ∞, the optimal slope c → 1, corresponding to a cone with internal half-angle θ = 45
• . The fluid shear-thickens when n > 1, and the reduction in shear rate caused by the lower slope makes up for the increase in internal surface area of the cone.
Optimal axisymmetric shapes
We return to the case of an arbitrary axisymmetric vessel R(z). The volume of fluid in the film is, by Eq. (15),
The total capacity of the vessel is
Thus we seek the shape R(z) that minimizes V film , subject to keeping V vessel constant, and so we seek the stationary points of
where β is an as yet undetermined multiplier. In order to make further progress, we change the independent variable from z to r, so that the vessel shape is described by the curve z = Z(r) for 0 < r < R 0 , and we set
M can now be written as
We require the variational derivative of M with respect to changes in w, and consider a small perturbation in which Z(r) is perturbed to Z + δZ, with w = Z perturbed to w + δw so that
For M to be stationary, we require δM = 0, and hence
If, in addition, the endpoint R 0 is a parameter at our disposal, then the variation of M with respect to a change δR 0 in R 0 is
Stationarity of M then requires that the right-hand side of Eq. (37) be zero,
i.e.
Equations ( , and
The vessel walls are therefore vertical at the outer edge of the vessel, in order to promote draining. At the base of the container, w → (2n + 1)
as r → 0, and hence the base of the vessel is conical with an interior half-angle
We now scale lengths by R 0 and volumes by R 
When n = 0 we can integrate Eq. (41) to obtain
so thatV vessel = 16π/15. In the limit n → ∞, we find w ∼r vessel so that all the containers in the figure have the same volume. Although a hemisphere would minimize the area of the film, drainage would be slow at the horizontal base: the optimal vessel therefore has a conical base to enhance draining in this region. As with the cones discussed in Sec. 3, the slope of the wall increases closer to the vertical when n decreases.
The slope of the wall of the optimal axisymmetric shape varies from w = (2n + 1)
at the base to infinite at the rim z = Z 0 . The slope of the optimal cone is uniform, and represents a compromise between the best slope at the base and that at the rim. In consequence, the optimal cone halfangle,given by Eq. (27), is smaller than that for the arbitrary axisymmetric vessel, Eq. (40). Both angles are plotted in Fig. 4 .
Plane, two-dimensional results
The equivalent problem for a 2-dimensional trough is similar to the axisymmetric case. We now describe the vessel shape as y = Y (x), where (x, y) are Cartesian coordinates with y along the axis of symmetry (Fig. 5) . The base of the trough is at the origin, and its extremity is at (X 0 , Y 0 ).
As before, the flux of fluid in the draining film is given by Eq. (21); conservation of volume in the film now requires
where v = Y . There is a similarity soution of the form
The volume of fluid in the film (per unit length of the trough in the z direction) is
The volume of the trough (per unit length of the trough in the z direction)
If we restrict our attention first to the case of a wedge y = vx, with v constant, then
which is minimum when v Reverting to the case of an arbitrary, plane 2-dimensional shape, with film volume (Eq. 45) and vessel volume (Eq. 46), we seek to minimize
where β is an undetermined multiplier. As in Sec. 4 we use the calculus of variations: the optimal v satisfies
where κ = β(n + 1)
If X 0 is at our disposal, then stationarity of expression (49) with respect to
which, when combined with Eq. (50) (evaluated at x = X 0 ) tells us that and the cross-section is the same as that for an axisymmetric container (Eq. 42), but this is not true for n > 0. Figure   5 shows the optimal shapes for various power-law indices n, with lengths further scaled by V 
The draining film now has zero thickness at the central, highest part of the container at z = 0, and is thickest at the rim (R 0 , Z 0 ). The volume of fluid in the film is now
where V film is given by Eq. (28). Thus the volume of the film is again given by Eq. (28) of Sec. 4, and the optimal shapes derived in Sec. 4 are also optimal when inverted.
The film thickness in this case, Eq. (54), is greatest at the outer rim of the vessel, where r = R 0 is maximum, so that the contribution of this region to the total volume of the film is large. Conversely, in the analysis of Sec. 4, the film thickness, Eq. (23), was zero at the outer rim of the vessel.
It is therefore surprising that the total volumes of the two films are equal.
However, we note that in the case of the container draining from its base, the film thickness h, Eq. (23), is singular (but integrable) at the base, and the contribution of this portion of the film to the total film volume cannot be neglected.
7 Vessels with fixed rim diameter 2R 0
The analysis of Secs. 3-6 assumed that R 0 can be varied. We now consider a more restricted problem in which R 0 is fixed. In this case we may solve Eq.
(35) for w(r, γ), and then choose γ in order to give the desired volume. We again non-dimensionalize lengths by R 0 , so that the rim of the container is atr =R 0 = 1, and the governing equation (35) becomes Fig. 3) . Fig.   7 shows optimal vessel shapes for a Newtonian fluid (n = 1), for severalr 1 .
If γ > 0, as assumed above, the optimal shapes that satisfy Eq. (56) have volume greater than πR vessel so that they have the same volume. 
